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Abstract
This paper presents a comprehensive numerical study of a higher order drifting oscillator that has been
used to model vibro-impact drilling dynamics in previous publications by our research group [1–9]. We
focus on the study of the bit-rock interactions, for which both linear and nonlinear models of the drilled
medium are considered. Our investigation employed a numerical approach based on direct numerical
integration via a newly developed MATLAB-based computational tool, ABESPOL [10], and based on
path-following methods implemented via a software package for continuation and bifurcation analysis,
COCO (Continuation Core) [11]. The analysis considered the excitation frequency, amplitude of excita-
tion and the static force as the main control parameters, while the rate of penetration (ROP) was chosen
as the main system output so as to assess the performance of the system when linear and nonlinear bit-
rock impact models are used. Furthermore, our numerical investigation reveals a rich system dynamics,
owing to the presence of codimension-one bifurcations of limit cycles that influence the system behavior
dramatically, as well as multistability phenomenon and chaotic motion.
Keywords: Vibro-impact drilling; Bit-rock interaction; Nonsmooth dynamical system; ABESPOL;
COCO
1. Introduction
The development of innovative drilling techniques has attracted much attention during the past years,
with studies focusing on both mathematical modeling and experimental research. In particular, special
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attention has been given to the study of rock deformation under static contact and dynamic impact, which
can significantly influence the efficiency of the drilling process. Mishnaevsky [12] discussed optimal shapes
of drilling tools, which turned out to be dependent on the type of drilled medium. For instance, cylindrical
bits are most effective for brittle or quasi-brittle rocks, while conical bits are more convenient for hard
plastic rocks. Cook et al. [13] conducted a series of experimental tests to observe hard rock deformation
during loading and unloading phases. These experiments revealed that the elastic deformation of the rock
formation is sustained for a certain period, until the applied load exceeds a threshold, which is dependent
on the indenter’s shape and size. In addition, the resulting penetration rate-load curves showed a linear
dependence, except for the beginning of the loading phase and the end of the unloading phase.
In order to simulate elasto-plastic rock deformation, a number of bit-rock interaction models have been
developed, such as Hertz [14], Maxwell [15], and Kelvin-Voigt [16] and others. Hertz model describes
the rock deformation force by a nonlinear spring, where the nonlinear elastic coefficient of the spring
is determined by the indenter’s shape. Maxwell model considers a linear spring with a linear viscous
damper in series, while the Kelvin-Voigt model combines them in parallel. Another approach is proposed
by Wiercigroch’s group [1], where they conducted a series of quasi-static rock deformation tests to explore
the correlation between contact force and penetration rate [3]. In a subsequent work [2], they identified
two clear regimes during the bit-rock interactions, namely, the loading and the unloading phases, which
are characterized by different physical phenomena. In the loading phase, part of the input kinetic energy
is dissipated due to friction, while the rest of the energy is stored as elastic strain energy. During the
unloading phase, the stored elastic strain energy is released to recover a part of the rock indentation.
The difference in the energy dissipation is reflected by the difference between the loading and unloading
stiffness coefficients.
In the present work, we investigate in detail two types of bit-rock interaction models (linear and
nonlinear) in a vibro-impact drilling system mimicking percussive drilling. Preliminary studies have been
conducted by Sazidy et al. [17], who described the percussive drilling performance using a visco-elasto-
plastic rock model. Kovalyshen [18] carried out both simulations and experimental research using a
drilling assembly with self-excited axial vibrations to observe the influence on the drilling performance.
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Han et al. [19] developed a model based on finite element analysis to describe the rock deformation
during percussive drilling, finding also agreement with further experimental tests [20, 21]. In addition to
[1–3], Wiercigroch and his co-workers have conducted extensive research in this area, both mathematical
modelling and experimental studies. Ultrasonic percussive drilling is studied in detail in [22, 23], where
the material removal rates are considered in [24]. A dry friction mechanism is used to build a model of
percussive drilling [4], which is employed to explain the drop of the penetration rate under high static
loads.
All bit-rock interaction models consider a set of parameters to describe the main physical characteris-
tics of the drilled medium, and the precise values of such parameters deeply influences the overall system
behaviour and performance. A bifurcation analysis of a low-dimensional percussive drilling model is pre-
sented in [25], which also considers the optimization of the penetration rates. In [16] a low-dimensional
drifting oscillator is introduced for the first time to describe qualitatively the dynamics observed during
percussive drilling. The analysis showed that the highest rates of penetration are achieved for period-one
responses [5]. Based upon this work, they conducted a detailed bifurcation analysis of the system based
on numerical continuation methods for nonsmooth dynamical systems [7], implemented via the software
package TC-HAT [26]. In [27] an approach to reconstruct the oscillations of a vibro-impact is proposed,
based on the strategy employed in [6]. These works considered both bifurcation techniques [8] and contact
duration methods [9] to estimate the stiffness of the impacted medium in the framework of percussive
drilling.
In order to explore bifurcation scenarios of the vibro-impact drilling system having linear and nonlinear
bit-rock interaction laws, a combination of numerical tools based on direct numerical integration and
path-following methods will be used in the present work. For this purpose, we will employ the software
package COCO, developed by Dankowicz and Schilder [11]. COCO is a MATLAB-based platform that
provides standard functionality required for investigating bifurcations. In addition to COCO we will
employ the recently developed computational suite ABESPOL [10], which implements a set of numerical
routines used to analyze dynamical systems. For instance, the software ABESPOL provides in a semi
automatic manner time histories, Poincare´ maps, bifurcation diagrams and basins of attraction, among
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other dynamical objects. The thus obtained numerical data can then be used to start the path-following
analysis using COCO, as has been done in e.g. [10, 28, 29], and this approach will be applied in the
present work.
The paper is organized as follows. In Section 2, the mathematical modeling of a bit-rock vibro-impact
system is introduced. Here, we also carry out a comparison of the linear and nonlinear bit-rock interaction
models taking into account energy dissipation. In addition, a suitable linear transformation is introduced
in order to decouple the periodic behavior from the drift [6]. Section 3 is devoted to the investigation of
the dynamical response of the vibro-impact system, under both linear and nonlinear bit-rock interactions.
The numerical study based on direct numerical integration and path-following methods is conducted via
the software ABESPOL, as explained above. The effect on the penetration rate under linear and nonlinear
bit-rock impact models is studied in detail in Section 4. To finish, concluding remarks and outlook for
future work is provided in Section 5.
2. Mathematical modeling
Fig. 2.1 (a) presents the physical model of the vibro-impact drilling system to be analyzed in the
present work, which has been previously proposed in [9, 30]. The model consists of a mass m2 that
represents the drill-bit assembly is excited by a sinusoidal force with amplitude Fa and frequency Ω.
This mass is connected to the mass m1 which stands for the drill-string components above the drill-bit
assembly. Fb accounts for the static force applied to m1 in drilling direction, and m1 and m2 are coupled
via a spring with stiffness k and a damper with coefficient c. G is the initial gap between the bit and
the rock surface represented by the plate of the slider. The interactions between the drill-bit and the
rock surface can be modeled using the linear (solid lines) or nonlinear (dash lines) interaction models as
shown in Fig. 2.1 (b), where Xp, Xf , X
∗, and F ∗ are the initial position of the drill bit when it contacts
rock surface, the end position of the drill bit when it leaves rock surface, the maximal bit penetration in
drilled medium, and the maximal bit-rock force, respectively. It should be noted that the end positions of
the linear and nonlinear interaction models, X linf and X
nlin
f , when the drill bit leaves the rock medium,
are different. In addition, we assume that the energy dissipations of both models for an entire interaction
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are equivalent, i.e. the light grey area shown in Fig. 2.1 (b) equals to the dark grey one.
Figure 2.1: (a) Physical model of the vibro-impact drilling system [30], where X1, X2, and X3 stand for the absolute
positions of m1, m2, and the plate of the slider, respectively. An initial gap G is set between the bit and the rock surface.
(b) Linear (solid lines) and nonlinear (dash lines) bit-rock interaction models. In this model, the end positions of the linear
(Xlinf ) and nonlinear (X
nlin
f ) interaction models are different, while the energy dissipations of both models are equivalent,
i.e. the light grey area equals to the dark grey area.
2.1. Linear and nonlinear bit-rock interaction models
As shown in Fig. 2.1 (b), the energy dissipation of the linear bit-rock model can be calculated as,
Elin =
1
2k
lin
l (X
∗ −Xp)
2 − 12k
lin
u (X
∗ −X linf )
2,
where klinl , k
lin
u are the loading and unloading stiffnesses of the linear model. The energy dissipation for
the nonlinear bit-rock model can be calculated as,
Enlin =
∫ X∗
Xp
knlinl (X −Xp)
nldX −
∫ X∗
Xnlin
f
knlinu (X −X
nlin
f )
nudX,
where knlinl , k
nlin
u are the loading and unloading stiffnesses of the nonlinear model. For a complete
bit-rock interaction, if the energy dissipations of these two models are equivalent, it gives
Elin = Enlin. (2.1)
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In Eq. (2.1), according to the material experiments in [9], Xp, X
nlin
f , X
∗, and F ∗ can be measured, klinl ,
knlinl , k
nlin
u , nl, and nu can be determined using experimental data, and X
lin
f and k
lin
u can be calculated
using
F ∗ = klinu (X
∗ −X linf ). (2.2)
Therefore, by adopting this approach, all the bit-rock interactive parameters for the linear and nonlinear
models can be obtained. A detailed consideration of two possible operating regimes are given below.
Figure 2.2: Bit-rock impact regimes: (a) one impact and (b) multiple impacts.
As shown in Fig. 2.2, both linear and nonlinear bit-rock models can be operated in one-impact or
multiple-impact regime. When the drill bit is in one-impact regime, the end position of the unloading
phase Xf can be calculated using [1, 2]
Xf = X
∗ − [
kl(X
∗ −Xp)
nl
ku
]
1
nu ,
once the maximal progression X∗ is achieved. Then the calculated Xf can be used as the starting
position of the next impact period. When the drill bit is in multiple-impact regime as shown in Fig. 2.2
(b), successive loading contact occurs at Xc, and its auxiliary starting position for the next loading phase
X ′p can be calculated as
X ′p = Xc − [
ku(Xc −Xf )
nu
kl
]
1
nl .
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It is worth noting that the calculated X ′p should be less than the predicted end position of the previous
impact period Xf .
2.2. Equations of motion
According to the physical model shown in Fig. 2.1, the motion of the vibro-impact drilling system
can be divided into three modes: no contact, loading contact, and unloading contact.
No contact. This mode occurs when X2 −X3 < G, i.e. the drill-bit is not in contact with the drilled
medium, and the dynamics of the system is governed by


m1X¨1 + c(X˙1 − X˙2) + k(X1 −X2) = Fb,
m2X¨2 + c(X˙2 − X˙1) + k(X2 −X1) = Fa sin(Ωt+ ϕ0),
X˙3 = 0,
X˙p = 0,
X˙f = 0.
(2.3)
This operation mode terminates when m2 hits the slider (X2 = X3 +G), and the system switches to the
loading contact mode. The last two equations are auxiliary ODEs whose purpose is to add the values
Xp and Xf (see Fig. 2.1) in the state variables, which is done only for the sake of the numerical imple-
mentation in ABESPOL. As will be seen later, Xp and Xf will vary in an impulsive manner via suitably
defined jump functions, according to the contact model described in the preceding sections.
Loading contact. This regime takes place when the massm2 is in contact with the slider (X2 = X3+G)
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and the mass moves rightwards (X˙2 > 0). The response of the system can be described as


m1X¨1 + c(X˙1 − X˙2) + k(X1 −X2) = Fb,
m2X¨2 + c(X˙2 − X˙1) + k(X2 −X1) + kl(X2 −Xp −G)
nl = Fa sin(Ωt+ ϕ0),
X˙3 = X˙2,
X˙p = 0,
X˙f = 0.
(2.4)
This operation mode terminates when m2 changes direction, i.e., X˙2(tf) = 0 and X¨2(tf) 6= 0. At this
moment, the impulsive variation takes place
Xf (t
+
f ) = X2(t
−
f )−G−
(
kl
ku
) 1
nu
(X2(t
−
f )−Xp(t
−
f )−G)
nl
nu ,
where X2(t
−
f
) gives the maximum attained value of X2 before it changes direction. The formula above
determines the value of Xf to be used for the unloading mode (see below).
Unloading contact. Similarly to the previous regime, the unloading mode occurs when m2 is in contact
with the slider (X2 = X3 + G), only that now the mass is moving leftwards (X˙2 < 0) and X3 > Xf .
During this regime, the dynamics of the vibro-impact system is determined by


m1X¨1 + c(X˙1 − X˙2) + k(X1 −X2) = Fb,
m2X¨2 + c(X˙2 − X˙1) + k(X2 −X1) + ku(X2 −Xf −G)
nu = Fa sin(Ωt+ ϕ0),
X˙3 = X˙2,
X˙p = 0,
X˙f = 0.
(2.5)
This operation mode can terminate in two forms. The first one is that, when X3(tf) = Xf (tf), m2 loses
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contact with the slider, and the system switches to the no contact mode with the impulsive variation
Xp(t
+
f ) = X3(t
−
f ).
This resets Xp to the final slider displacement X3. The second way to terminate this regime occurs when
m2 changes direction, i.e., X˙2(tf) = 0 and X¨2(tf) 6= 0. At this moment, the system goes back to the
loading contact mode, with the impulsive variation
Xp(t
+
f ) = X2(t
−
f )−G−
(
ku
kl
) 1
nl
(X2(t
−
f )−Xf(t
−
f )−G)
nu
nl .
This assigns the value of Xp to be used for the contact force during the loading mode, in such a way that
the penetration-force curve is continuous during operation.
2.3. Nondimensionalization and decoupling of the system drift
In this study, we will use the following dimensionless variables and parameters:
x1 =
X1
µ
, x2 =
X2
µ
, x3 =
X3
µ
, xp =
Xp
µ
, xf =
Xf
µ
,
Ω0 =
√
klµ
nl−1
m2
, τ = Ω0t, ω =
Ω
Ω0
, γ =
m2
m1
, a =
Fa
m2µΩ20
,
b =
Fb
m2µΩ20
, β =
kµ1−nl
kl
, ξ =
c
2m2Ω0
, g =
G
µ
, κ =
kuµ
nu−nl
kl
.
In order to apply numerical continuation techniques for periodic solutions, the drifting motion of the
vibro-impact drilling system should be separated from the periodic behaviour of the model. By adopting
the transformation proposed by Pavlovskaia et al. [6], we introduce the change of coordinates as follows:


z1 = x1,
z2 = x2 − x1,
z3 = x3 − x1,
zp = xp − x1,
zf = xf − x1.
(2.6)
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Apply this coordinate changes and the nondimensionalization, we can obtain the following transformed
model for the vibro-impact system.
No contact (z2 − z3 < g):


z′′1 − 2ξγz
′
2 − βγz2 = bγ,
z′′2 + 2ξ(γ + 1)z
′
2 + β(γ + 1)z2 = a sin(ωτ + ϕ0)− bγ,
z′3 = −z
′
1,
z′p = −z
′
1,
z′f = −z
′
1.
(2.7)
Loading contact (z2 = z3 + g and z
′
2 + z
′
1 > 0):


z′′1 − 2ξγz
′
2 − βγz2 = bγ,
z′′2 + 2ξ(γ + 1)z
′
2 + β(γ + 1)z2 + (z2 − zp − g)
nl = a sin(ωτ + ϕ0)− bγ,
z′3 = z
′
2,
z′p = −z
′
1,
z′f = −z
′
1,
(2.8)
with the impulsive variation
zf (t
+
f
) = z2(t
−
f
)− g − κ−
1
nu (z2(t
−
f
)− zp(t
−
f
)− g)
nl
nu ,
when z′2(tf) + z
′
1(tf) = 0.
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Unloading contact (z2 = z3 + g, z
′
2 + z
′
1 < 0, and z3 > zf ):


z′′1 − 2ξγz
′
2 − βγz2 = bγ,
z′′2 + 2ξ(γ + 1)z
′
2 + β(γ + 1)z2 + κ(z2 − zf − g)
nu = a sin(ωτ + ϕ0)− bγ,
z′3 = z
′
2,
z′p = −z
′
1,
z′f = −z
′
1.
(2.9)
with the impulsive variation
zp(t
+
f ) = z3(t
−
f ),
when z3(tf) = zf (tf) and
zp(t
+
f
) = z2(t
−
f
)− g − κ
1
nl (z2(t
−
f
)− zf (t
−
f
)− g)
nu
nl ,
in case z′2(tf) + z
′
1(tf) = 0.
3. Numerical investigations of system dynamics
For the vibro-impact drilling system, the frequency and amplitude of excitation, and the static force
are the main control parameters to improve the stability and efficiency of the drilling process. This
section will consider the influence of these three control parameters on the dynamics of the drilling
system, and compare the linear and nonlinear bit-rock interaction models through numerical integration
and continuation.
3.1. Bifurcation analysis
3.1.1. Influence of excitation frequency
The studied range of the nondimensional frequency was set for ω ∈ [0.05, 0.4], and the numerical results
through direct integration and continuation for the vibro-impact drilling system with the linear interaction
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model are shown in Fig. 3.1, where bifurcations for both increasing and decreasing the frequency of
excitation are presented. Co-existing attractors are marked by red dots, and these co-existing orbits are
plotted on the phase plane (z2, v2) as shown in Fig. 3.1 (c-h). According to our calculations, three co-
existing regimes (I1, C1, and I2) were identified as presented in Fig. 3.1 (a). The first co-existing regime
(I1) was observed for ω ∈ [0.095, 0.101] at where a period-two response with four impacts per period of
excitation co-exists with a period-one response with one impact. The co-existence of a chaotic response
and a quasi-periodic response for the second regime (C1) was recorded for ω ∈ [0.102, 0.121]. In the third
regime (I2), ω ∈ [0.3759, 0.4], a period-two response with two impacts per period of excitation co-exists
with a period-two response with one impact. In addition to direct integration, numerical continuation
was carried out, saddle-node, period-doubling, and Neimark-Sacker bifurcations were found in the given
frequency range. It can be seen from Fig. 3.1 (b) that, as the frequency increases, a saddle-node bifurcation
appears at ω = 0.0771 which terminates the chaotic motions existed for ω < 0.0771. Then, a pair of
Neimark-Sacker bifurcations can be observed at ω = 0.0785 and ω = 0.0871 followed by a period-
doubling cascade leading to chaos. In the decreasing direction of frequency, the period-one response
with one impact encounters a pair of Neimark-Sacker bifurcations at ω = 0.1449 and ω = 0.1010. The
extension of the stable orbit towards the left and the right side is terminated by a saddle-node bifurcation
at ω = 0.0950 and a period-doubling bifurcation at ω = 0.3064, respectively. In addition, another saddle-
node bifurcation which comes from the co-existing period-two response with one impact is recorded at
ω = 0.3759.
Bifurcation diagrams using the nondimensional frequency as a branching parameter for the vibro-
impact drilling system with the nonlinear interaction model are shown in Fig. 3.2. Comparing to the
model with the linear interaction model, the chaotic regime for the nonlinear one is shrunk to a low
frequency range constrained by a saddle-node bifurcation at ω = 0.1058. For the nonlinear model, only
one co-existing regime, ω ∈ [0.127, 0.138], is observed where a period-two response with four impacts
co-exists with a period-one response with one impact. The period-two response then bifurcates into a
chaotic response through a series of period-doubling bifurcations co-existing with the period-one response
until ω = 0.138. For the linear interaction model, the period-one response bifurcates into a period-two
12
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Figure 3.1: Bifurcation diagrams of the nondimensional frequency for the linear interaction model calculated for a = 0.0130,
b = 0.0093, ξ = 0.0172, α = 0.0133, β = 0.0033, g = 0.02, ω ∈ [0.05, 0.4], n1 = 1, nu = 1, and κ = 1.1706. Subplot (a)
shows the result of numerical integration and subplot (b) shows the result of numerical continuation. In subplot (a), the
black and red dots represent the sweeping of frequency from increasing and decreasing direction, respectively. In subplot
(b), solid and dashed segments represent stable and unstable branches, respectively. Saddle-node, period-doubling, and
Neimark-Sacker bifurcations are marked by orange, green, and blue dots, respectively. The segments in the yellow boxes
are plotted using z2 as the y-axis to verify that the intersection between the red and black branches is caused by projection.
The frequency ranges I1 and I2 show co-existing stable attractors, and the frequency window C1 has co-existing chaotic and
quasi-periodic attractors. Subplots (c),(d),(e) display the phase trajectories for ω = 0.098, 0.113, and 0.393, respectively,
and their corresponding co-existing trajectories are shown in the subplots (f),(g),(h), where blue, red, green segments
indicate no contact, loading contact, and unloading contact phases, respectively.
response with two impacts per period of excitation via a period-doubling at ω = 0.3064 as shown in Fig. 3.1
(b), while for the nonlinear one, this period-doubling bifurcation occurs at ω = 0.3795 as presented in
Fig. 3.2 (b). Therefore, the frequency range for the period-one response with one impact is enlarged from
ω ∈ [0.0950, 0.3064] for the linear model to ω ∈ [0.127, 0.3795] for the nonlinear model, which provides a
better stability for vibro-impact drilling.
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Figure 3.2: Bifurcation diagrams of the nondimensional frequency for the nonlinear interaction model calculated for a =
0.0159, b = 0.0114, ξ = 0.0188, α = 0.0133, β = 0.0040, g = 0.02, ω ∈ [0.05, 0.4], n1 = 0.86, nu = 1.31, and κ =
3.1815. Subplots (a) and (b) show the results of numerical integration and numerical continuation, respectively. Co-existing
attractors at ω = 0.1305 are shown in subplots (c) and (d). Subplot (e) displays a period-one response with two impacts at
ω = 0.118, and subplot (f) presents a period-one response with one impact at ω = 0.250. Subplots (g)-(j) display the time
series of the displacements of drill bit (solid lines) and rock surface (dashed lines) corresponding to subplots (c)-(f).
3.1.2. Influence of excitation amplitude
In this subsection, the nondimensional amplitude of external excitation is studied as a bifurcation
parameter, and the parameter range is set for a ∈ [0, 0.04]. For the linear and nonlinear interaction
models, both numerical integration and continuation were carried out, and their results are shown in
Fig. 3.3. It can be seen from the figure that the period-one responses for the linear and nonlinear
interaction models emerge after a saddle-node bifurcation at a = 0.0047 and a = 0.0075, respectively.
The first period-doubling for the system with the linear model occurs at a = 0.157, and the second period-
doubling is recorded at a = 0.0184 followed by a period-doubling cascade from a = 0.0191. For the system
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with the nonlinear model, the first period-doubling happens at a = 0.0213, which is followed by the second
and the period-doubling cascade at a = 0.0253 and a = 0.0264, respectively. As the amplitude increases,
both period-doubling cascades lead the system to chaos. Comparing both bifurcation scenarios, it can
be found that their bifurcation structures are similar, but the regime of the stable period-one response
for the nonlinear model (a ∈ [0.0075, 0.0213]) is larger than the linear one (a ∈ [0.0047, 0.0157]). In
addition, the nonlinear model has two small periodic windows of period-three responses with two impacts
per period of excitation. It is worth noting that the multiple-impact regime studied using Eq. (2.1) can
be observed from Fig. 3.3 (f) and (k). From the point of view of system response, the system with the
nonlinear interaction model has larger stable regime than the linear one when the amplitude of external
excitation is small, while the system responses under both interaction models are similar. Therefore,
under small amplitude of excitation, the linear bit-rock interaction model can predict the dynamics of
vibro-impact drilling effectively.
3.1.3. Influence of static force
The influences of the nondimensional static force on system dynamics are studied in this subsection,
and the simulation results calculated using numerical integration and continuation for the vibro-impact
drilling system with the linear and nonlinear interaction models are shown in Fig. 3.4. Comparing
the bifurcation diagrams obtained by numerical integration, both systems have chaotic motions when
static force is small. As static force increases, the system with the linear model experiences a reverse
period-doubling cascade from b = 0.0063 leading to period-one motion with one impact at b = 0.0077.
The system with the nonlinear model has a small window of period-two motion with one impact in
b ∈ [0.0054, 0.0056], and its reverse period-doubling is encountered from b = 0.0073 leading to period-one
motion with one impact per period of excitation at b = 0.0088. The period-one responses for the linear
and nonlinear model terminate at b = 0.0257 and b = 0.0203 via saddle-node bifurcation, respectively.
Comparing the simulation results calculated by numerical continuation, the basic structures of their
bifurcations are similar. The regime for the stable period-one response with one impact per period of
excitation obtained by the linear interaction model (b ∈ [0.0077, 0.0257]) is larger than the one obtained
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Figure 3.3: Bifurcation diagrams of the nondimensional amplitude of the higher order drifting oscillator with the (a) linear
and (b) nonlinear impact models, where the nondimensional parameters for subplot (a) are a ∈ [0.0047, 0.04], b = 0.0093,
ξ = 0.0172, α = 0.0133, β = 0.0033, g = 0.02, ω = 0.2353, n1 = 1, nu = 1, and κ = 1.1706, and the equivalent parameters
for subplot (b) are a ∈ [0.0075, 0.04], b = 0.0114, ξ = 0.0188, α = 0.0133, β = 0.0040, g = 0.02, ω = 0.2595, n1 = 0.86,
nu = 1.31, and κ = 3.1815. The results of numerical integration are shown by black dots, while the stable and unstable
branches obtained by numerical continuation are denoted by solid and dashed red lines. Subplots (c)-(g) and (h)-(l) display
the phase trajectories and time series of the periodic responses, respectively.
by the nonlinear model (b ∈ [0.0088, 0.0203]). In addition, at b = 0.0054, a Neimark-Sacker bifurcation is
detected for the nonlinear model leading the system to a period-two motion with one impact per period
of excitation, and this periodic motion is terminated by a saddle-node bifurcation at b = 0.0056.
3.2. Two-parameter continuation
This subsection will study two-parameter continuation of the higher order drifting oscillator using
COCO through exploring codimension-one bifurcations, such as saddle-node bifurcation and period-
doubling bifurcation, and then the traces of these bifurcations will be extended to two-parameter space.
As shown in Fig. 3.5 (a)-(d), the orange and green bifurcation curves are obtained by following the saddle-
node and period-doubling bifurcations, respectively. The intersections of the vertical dashed lines and
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Figure 3.4: Bifurcation diagrams of the nondimensional static force for the higher order drifting oscillator with the (a) linear
and (b) nonlinear bit-rock impact models, where the nondimensional parameters for plotting subplot (a) are a = 0.0130,
b ∈ [0.003, 0.0257], ξ = 0.0172, α = 0.0133, β = 0.0033, g = 0.02, ω = 0.2353, n1 = 1, nu = 1, and κ = 1.1706, and the
equivalent parameters for plotting subplot (b) are a = 0.0159, b ∈ [0.003, 0.0203], ξ = 0.0188, α = 0.0133, β = 0.0040,
g = 0.02, ω = 0.2595, n1 = 0.86, nu = 1.31, and κ = 3.1815. The results of numerical integration are shown by black
dots, while the stable and unstable branches obtained by numerical continuation are denoted by solid and dashed red lines.
Subplots (c)-(f) and (g)-(j) display the phase trajectories and time series of the periodic responses, respectively.
the bifurcation curves are the starting points of these two-parameter continuations, which correspond to
the bifurcations presented in Fig. 3.3 and Fig. 3.4.
For the linear interaction model, the results of the two-parameter continuations with respect to (ω, a)
and (ω, b) are shown in Fig. 3.5 (a) and (b), and the results for the nonlinear one are shown in Fig. 3.5
(c) and (d), where purple dots indicate the grazing points that terminate two-parameter continuations.
It is worth noting that at these points, the bit-rock impact regime is changed between one impact and
multiple impacts. As demonstrated in subplots (e) and (g), when the grazing points approach, the no-
contact phase disappears gradually, and the bit experiences the loading and unloading phases iteratively.
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As can be seen in Fig. 3.5, the structures of the corresponding two-parameter curves are similar.
Comparing subplots (a) and (c), the two-parameter curve of saddle-node bifurcation (orange) for the
nonlinear model exists in a larger parameter range than the curve obtained by the linear model. For
the two-parameter curve of period-doubling bifurcation (green), the nonlinear model exists until (ω =
2.4343, a = 0.0420) as ω increases, while the one for the linear model terminates at (ω = 2.0530, a =
0.0310). When ω decreases, the green curve for the nonlinear model ends at (ω = 0.1276, a = 0.3970),
but the one for the linear model can extend further. Comparing subplots (b) and (d), the saddle-node
curve (orange) for the nonlinear model ends at (ω = 1.1585, a = 0.0841) as ω increases, while the curve
for the linear model can extend further.
In addition, an isola of period-doubling bifurcations [31–33] is observed in both Fig. 3.5 (b) and (d).
There are two turning points (red dots) on the isola, which define the interval of existence of the isola.
An illustration of the vibration conditions corresponding to the bottom and upper branches of the isola
are shown in subplots (f) and (h), respectively. As presented in Fig. 3.5 (f), the bit experiences a long
no-contact period followed by a short loading and unloading period. For the upper branch, a short
no-contact period accompanying with a long loading and unloading period is recorded in Fig. 3.5 (h).
4. Rate of penetration
The main purpose of studying the higher order drifting oscillator with the linear and nonlinear impact
models is to investigate their rates of penetration for improving drilling efficiency. According to [5], the
stable period-one response with one impact per period of excitation provides the best performance of
vibro-impact drilling in terms of the rate of penetration (ROP), which is calculated as,
ROP =
1
T
[zf − zp],
where T is the excitation period. Therefore, the ROPs of the stable period-one responses observed in
Fig. 3.1-3.4 will be compared in this section.
Fig. 4.1 presents all the calculated ROPs for the higher order drifting oscillator with the linear and
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Figure 3.5: Two-parameter continuations for the (a, b) linear and (c, d) nonlinear models, the constant nondimensional
parameters for subplots (a, b) are ξ = 0.0172, α = 0.0133, β = 0.0033, g = 0.02, n1 = 1, nu = 1, and κ = 1.1706, and the
parameters for subplots (c, d) are ξ = 0.0188, α = 0.0133, β = 0.0040, g = 0.02, n1 = 0.86, nu = 1.31, and κ = 3.1815.
Green and orange curves indicate period-doubling and saddle-node bifurcations, respectively. Green and orange dots are the
bifurcation points shown in Figs. 3.3 and 3.4, and these dots are also the starting points of the two-parameter continuations.
Purple dots are the grazing points at where the two-parameter continuations terminate. Red dots are the turning points of
the isola for period-doubling bifurcation [31]. Subplots (e) and (g) display the variations of the vibration conditions when
the grazing points approach. Subplot (f) and (h) display the vibration conditions of the bottom and upper branches of the
isola for period-doubling bifurcations, respectively.
19
nonlinear impact models by varying different control parameters, ω, a, and b. As can be seen from Fig. 4.1
(a) and (b), the stable period-one response exists in ω ∈ [0.1449, 0.3064] for the linear model, and the
stable period-one response for the nonlinear model exists in ω ∈ [0.1270, 0.3795]. The maximum ROP,
ROP = 6.07× 10−4, for the linear model achieves at ω = 0.2, and the maximum ROP for the nonlinear
model obtained at ω = 0.1270 is ROP = 19.57×10−4. According to Fig. 3.3 (c) and (d), the stable period-
one responses for the linear and nonlinear impact models are a ∈ [0.0047, 0.0157] and a ∈ [0.0075, 0.0213],
respectively. As the amplitude of excitation increases, the ROPs for both models increase, and the
maximum ROP is achieved at a = 0.0157 for the linear model and a = 0.0213 for the nonlinear one.
Similar trend can be observed from Fig. 3.4 (e) and (f) when static force increases. The stable period-
one responses are recorded for b ∈ [0.0077, 0.0257] for the linear model and b ∈ [0.0088, 0.0203] for the
nonlinear model with the maximum ROP obtained at b = 0.00257 and b = 0.0203, respectively.
Comparing the above ROPs, it can be found that the ROP for the nonlinear impact model is more
sensitive to the frequency of excitation as a small variation of the frequency will cause a significant
reduction on ROP. On the other hand, the amplitude of excitation and the static force have more effect
on ROP when the nonlinear impact model is considered for vibro-impact drilling. This is evaluated from
the gradients of the stable period-one curves in Fig. 3.4 (c)-(f).
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Figure 4.1: Variations of penetration rates for period-one one-impact responses. Subplots (a) and (b) show the penetration
rates against frequency for the linear and nonlinear models, and their parameters are the same as those applied in Fig. 3.1
and Fig. 3.2, respectively. Subplots (c) and (d) show the penetration rates against amplitude for the linear and nonlinear
models, and the corresponding parameters are the same as those applied in Fig. 3.3. Subplots (e) and (f) show the
penetration rates against static force for the linear and nonlinear models, and the corresponding parameters are the same
as those applied in Fig. 3.4. The solid red segments represent the stable branches, while the dashed black segments show
the obtained unstable branches.
5. Concluding remarks
This work presented a detailed numerical study of a higher order drifting oscillator that mimics
the dynamics observed in vibro-impact drilling processes. Our main concern was to study the system
response when the bit-rock interaction is modeled via linear and nonlinear physical laws. Our investigation
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proposed a numerical approach based on direct numerical integration via a newly developed MATLAB-
based computational tool, ABESPOL [10], and based on path-following methods implemented via a
software package for continuation and bifurcation analysis, COCO [11]. Our numerical study considered
the excitation frequency, excitation amplitude and the static force as the main control parameters, and
the rate of penetration (ROP) was used as solution measure in order to assess the performance of the
system for the linear and nonlinear bit-rock impact models.
The one-parameter bifurcation study revealed the presence of saddle-node, period-doubling and Neimark-
Sacker bifurcations of limit cycles. When the frequency of excitation varies, a parameter window was
identified where three co-existing attractors can be observed, when the linear bit-rock interaction model is
considered. This multistability phenomenon, however, disappears when the nonlinear law is implemented.
On the other hand, for both models a parameter window of chaotic motion was observed, however, for
the nonlinear case the window is smaller in comparison to the one found for the linear bit-rock interaction
law. Another relevant difference concerns the range of stability for the period-one response (with one
impact per period), which is larger for the nonlinear case. Moreover, the bifurcation structure obtained
by varying the excitation amplitude was qualitatively similar for the linear and nonlinear bit-rock inter-
action laws. A significant difference, however, could be observed in the stability range for the period-one
motion, which was smaller for the linear case. An analogous situation was encountered when the static
force was considered as the bifurcation parameter. Once again, the bifurcation structure was similar for
the linear and nonlinear bit-rock interaction models, but the interval of stability was in this case larger
for the linear law.
Our study also presented the two-parameter continuation of some of the codimension-one bifurcations
detected in the bifurcation analysis. As could be observed from Fig. 3.5, the resulting two-parameter
bifurcation picture showed clear similarities in qualitative terms. The precise numerical values and
parameter ranges, however, present differences which are nevertheless not significant. A remarkable
common feature of the bifurcation picture was the presence of an isola of period-doubling bifurcations
of limit cycles in the ω-b plane, which indicates that this dynamical phenomenon is robust and has its
roots in the main structure of the mathematical model. Similarly, the transition from periodic regimes
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with one impact per period to periodic motions with multiple impacts via grazing phenomena could be
detected for both linear and nonlinear bit-rock interaction models.
Another feature that was investigated in the present work was the behavior of the ROP as the system
parameters are perturbed. It was found that for the nonlinear model the ROP is more sensitive to
variations of the frequency of excitation, as small changes in this parameter produced large fluctuations
in the ROP, which can also lead to significant drops in the drilling speed. Similarly, the amplitude of
excitation and the static force presented a stronger influence on the ROP when the nonlinear law is used.
Therefore, for the parameter ranges considered, our numerical investigation indicates that the linear
and nonlinear bit-rock impact models can produce qualitatively similar system behavior, provided the
higher order drifting oscillator operates under low frequencies of excitation, small excitation amplitude or
small static forces. In these cases, no relevant differences can be observed during the system operation.
However, if the parameter values do not meet these conditions, the dynamics of the higher order drifting
oscillator can differ significantly, and further studies should be conducted in order to determine what
type of bit-rock interaction model better describes the vibro-impact drilling process.
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